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POD-Galerkin and Energy Cascade

POD: u(x , t) ≈ ur = ū(x) +
∑r

n=1 an(t)φn(x)

POD-Galerkin

(
∂ur

∂t
,φn

)
+

(
(ur · ∇)ur ,φn

)
+

(
2

Re
D(ur ),∇φn

)
= 0, n = 1, · · · , r

energy cascade =⇒ eddy viscosity
Couplet, Sagaut, Basdevant, J. Fluid Mech., 2003
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Mixing Length Model

Aubry, Holmes, Lumley, Stone, J. Fluid Mech., 1988(
∂ur

∂t
,φn

)
+
(
(ur · ∇)ur ,φn

)
+

((
νML +

2
Re

)
D(ur ),∇φn

)
= 0, n = 1, · · · , r

νML = ανT = αUML LML

Podvin, Lumley, J. Fluid Mech., 1998
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LES-POD

Smagorinsky type

(
∂ur

∂t
,φn

)
+
(
(ur · ∇)ur ,φn

)
+

((
νS +

2
Re

)
D(ur ),∇φn

)
= 0, n = 1, · · · , r

νS := CS |D(ur )|
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LES-POD

Smagorinsky type LES-POD on N-S equations

(ur
t , φ) + ((ur · ∇)ur , φ) + ((2Re−1+Cs‖D(ur )‖)D(ur ),∇φ) = 0

ODE System ȧ = A+Ã+ (B+B̃)a + aT Ca;

dak (t)
dt = Ak +Ãk +

∑r
m=1(Bkm+B̃km)am(t) +

∑r
m=1

∑r
n=1 Ckmnan(t)am(t)

Ak = −(φk , ū · ∇ū)− 2Re−1(∇φk ,
∇ū+∇ūT

2 ),

Bkm = −(φk , ū · ∇φm)− (φk , φm · ∇ū)− 2Re−1(∇φk ,
∇φm+∇φm

T

2 ),

Ckmn = −(φk , φm · ∇φn).

eAk = −2Cs(∇φk , ‖D(ū +
Pr

n=1 an(t)φn(x))‖∇ū+∇ūT

2 ),eBkm = −2Cs(∇φk , ‖D(ū +
Pr

n=1 an(t)φn(x))‖∇φm+∇φm
T

2 ).
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Pr
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Two-Level POD-EV algorithms
Temporal discretization - forward Euler method;

Spatial discretization - finite element method.

(I) Two-level Coarse POD-EV algorithm
k = 0;compute A,B, C on coarse mesh ;

for k = 1 to M

compute eAk , eBk on coarse mesh ;

ak+1 := F (ak );

endfor

(II) Two-level Hybrid POD-EV algorithm
k = 0;compute A,B, C on fine mesh ;

for k = 1 to M

compute eAk , eBk on coarse mesh ;

ak+1 := F (ak );

endfor
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In-
flo
w Outflow
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Fine mesh Coarse mesh, Rc = 2
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Experiment 1. 2D flow passed the cylinder

In-
flo
w Outflow

Re = 200;

Diameter(cylinder) = D;

Diameter(Domain) = 50D;

Grid size (fine) - 192× 256;

Inflow B. C. - Dirichlet;

Outflow B. C. - Neumann;

Surface of cylinder - No-slip;

40 snapshots.
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POD-Galerkin

red - DNS projection

blue - POD basis coefficients
(r=4)
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red - DNS projection; blue - POD basis coefficients.

POD-G 1L 2L-coarse Rc=2
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Two-Level POD-EV

red - DNS projection;

black -2L POD-EV, Rc = 2;

blue - 1L POD-EV;

green -2L POD-EV, Rc = 4.
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Average error over 100 shedding cycles
Time average error

error =

1
m

mP
k=1
‖uPOD(x,tk )−uDNS(x,tk )‖2

0

1
m

mP
k=1
‖uDNS(x,tk )‖2

0

1L POD-EV Rc 2L coarse POD-EV 2L hybrid POD-EV
CPU-time (s) error CPU-time (s) error CPU-time (s) error

2 9.94e+3 0.0102 1.01e+4 0.0090
4.01e+4 0.0090 4 2.52e+3 0.0112 2.75e+3 0.0090

Rc=4: error1L ≈ error2L, Time1L ≈ 15Time2L
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DNS 1L

2L-Coarse Rc=2 2L-Hybrid Rc=4
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Experiment 2. 3D flow passed the cylinder

X

Y

Z

z-partition =1

z-partition =2

z-partition =3

Re = 1000;

Diameter(cylinder) = D;

Diameter(Domain) = 15D;

Grid size (fine) -
145×193×17;

Inflow B. C. - Dirichlet;

Outflow B. C. - Neumann;

Surface of cylinder - No-slip;

1000 snapshots.
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red - DNS projection; blue - POD basis coefficients (r=6).

POD-G 1L 2L-coarse Rc=2
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Average error

1L POD-EV Rc 2L coarse POD-EV 2L hybrid POD-EV
CPU-time (s) error CPU-time (s) error CPU-time (s) error

2 1.07e+5 0.0444 1.02e+5 0.0452
5.32e+5 0.0446 4 2.17e+4 0.0385 2.20e+4 0.0473

Rc=4: error1L ≈ error2L, Time1L ≈ 25Time2L

Zhu Wang Two-level LES POD Models



LES-POD Two-level Num. Conclusions

Conclusions

more physical closure models

two-level discretization

error2L ≈ error1L

Time1L = Time2L ×O(10)
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Thank You!
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