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Introduction to the model

° Qf: Navier-Stokes equation

o 2,: Darcy’s law
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Introduction to the model
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Navier-Stokes/Brinkman equation

Find (u,v) in Q2 such that

%—I—u-Vu—vAu—FVp—l—%u:f

V.-u=20

Arquis, Caltagirone (1984)
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Introduction to the model

_p
L=x

Lg(z) := L(z —g)

Navier-Stokes/Brinkman Model
Find (u,v) in Q such that

ou
E—I—u-Vu—VAu—I—Vp—I—Lgu:f
V-u=20
Problem: Find g € €2 such that the solution maximizes some
performance
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Introduction to the model

Micrositing
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T he optimal control problem

Ly :R? - RTU{0}

State equation

(ug+u-Vu—vAu+ Vp+ Lgu = f in Q
V-u=0in £

ulpo =0
\ ’U,(.CU, O) — UO(CE)

U,; = {(u, g) satisfies NS/Brinkman, g € Q}
Cost function:

T
Q )
J(u,g9) = 5//Lg|u— U|2d$dt+§|g—G\2
0

Optimal control problem: Find min J(u,g), (u,g) € U,y
Theorem (Existence) There exist (u,g) € U,y that is global min-
imizer of the cost function.
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The optimal control problem

The optimality system
Navier-Stokes/Brinkman system

utt+u-Vu—vAu+ Vp+ Lgu = f
V.-u=20
with initial condition: u(xz,0) = ug(x)
Adjoint system
— + (Vu)!' - & — (u- V)& —vAG + Vg + LId = aLy(u—U)
V-w=20
with final condition w(T,z) =0
FFirst order necessary condition:
T

//(u-w)wgz —gffm—m?wg—a(g—a)
0 Q 0
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The optimal control problem

Establish the optimality system:

T T
DJ(zlL)(j),g)h:a//Lg(u_U)w_|_g//(VLg.h)|u—U|2—|-6(9—G)h
0 Q 0 €2

=/T/(VLg-h)uw+g/T/(VLg.h)|u—U|2+5(g—G)h
0 Q 0 Q

where w is solution to the sensitivity equation

wt +rvAw+ (uv-V)w+ (w-V)u+ Lgw — (VLg-h)u =0
V-w=20

g is minimizer so DJ%‘g(g))h = 0 Vh € Tanf2(g)

T T
//(VLg-h)(u-w)=—g//(VLg-h)m—U|2—5(g—G)h Vh € Tan(g)
0 Q 0
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T he semidiscrete-in-time approxi-
mation

Formulation

(L (0D _ ) Ay (rD) oy (nhD) gy ()

+vp(ntl) 4 o (nt1) = p(n+1)
§ Veoulnth =0

uw("t1)(2) = 0,2 € O
| u(®(2) = ug()
Cost function:

ant Y )
2 Lollul™ U2+ Zjg - G2
n=1
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The semidiscrete-in-time approximation

Theorem (Consistency) Given At = £

For At — 0, the solution {(u(n),g)}fyzl of the semi-discrete-in-
time optimal control problem converges to the solution (u,g) of
the corresponding continuous optimal control problem.

{u™N} is uniformly bounded in L?(0,T; V(Q2))
{uN} is uniformly bounded in L°(0,T; W(Q))
{u/N} is uniformly bounded in L2(0,T; V*(2))
Passing the limit
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The semidiscrete-in-time approximation

B = HO(Q) x L3(2) x R?
B, = H () x L§(£2)

M : By — Bs is defined as M,pV,q9) = (WY, 2zN) if and
only if

(1 (u(n+1) uw() v) + v(VutD Vo) + (1D vy (nt1) )+
_|_(p(n—|—1) V- v) + (Leu(tD) p) = (f(n+1> + A1) ) o € HY(Q)

§ (V-untD) gy = (Z(”“) q) Vg€ L3(Q)

w1 (2) = 0,2 € O

wO(z) = ug(z)

\

N :B1 — R x By is defined as follow

N N J(u,g) — J(1,9)
N (u ,g)—( M(uN,pN,g) )
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The semidiscrete-in-time approximation

Theorem. Let (d,P,5) € H{(R) x L3(2) x R? denote the optimal
solution. Then there exists a nonzero Lagrange multiplier (¢,0) €
H1(Q) x L2(Q) such that

J/(ﬁ7§) ’ (W,I‘, k)_l_ < M/(ﬁ7f)7§) ) (W,I’, k)a (¢7J) >=0
V(w,r, k) € H}(2) x L3(Q) x R?

where < .,. > denotes the duality pairing between H1(Q) x L2(Q)
and (H1(Q))* x L2(Q)
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The semidiscrete-in-time approximation

e N'(11,p,g) has a closed range
e N'(1i,p,g) is not onto

By the Hahn-Banach theorem, there exists (£,%,0) # 0 in R x B}

such that
< (&,0),(8,h,Z) >=0 V(B,h,z) € Range(N'(,p, 5))

£ ) J/(ﬁ7 g) ) (W,I’,k)—'- < M/(ﬁaf)7§> ) (W,I‘,k‘), (¢70-) >=0
V(w,r, k) € By
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The semidiscrete-in-time approximation

First order necessary condition Let (i,p,g) be the optimal so-
lution of the semidiscrete-in-time problem. Then we have

N o N
At @™ T INY Lode = — Z AL @™ — U2y L dr—
g g
n=1Q 2 n=1Q

—4(g—G)
where ¢ and o satisfies

g _Ait(w(n-l—l) — ™ ) 4 (V™ Vo) — (D) () )+
+((Vﬂ(n+1)>T X w(n)’ ’U) + (Lg¢(n), U) + (O'(n), v. U) _
= alLz(aTD) — gt )

< Vv e H}(2),n=0,..,N -1

(V-9 ¢) =0,Yg € L3(Q),n=0,...,N — 1
(M =00ondQn=0,.,N—1
(M) =0
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The fully discrete time-space approximation

Xh c HY(Q) and S ¢ L2(): finite dimensional subspace
0

Approximation properties: There exists an integer [ and a
constant C, independent of h,u and p such that for all 1 < k <
we have

inf JJup — ully < CR*|luflprr Vu € H¥FH(Q) N HG(R)
uhEXh

inf |lp— ppll < CR®|plli,  Vp € H*(Q) N L3(R)
ppeSh

The LBB condition: There exists a constant C’, independent of h
such that

inf sup bCun, an) >C'>0

074, €S 07y, e xP [lunll1llanll —
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The fully discrete time-space approximation

Formulation

. A%(ugmtl) _ u}(ln)’vh) 4 V(vugn—l—l)7vvh) 4 (u%n—l—l) . Vugnﬂ),vh)-l-
+("TD T v) 4+ (Lgul" T v) = (PO 0p) ey, € X(Q)

N\

1
C(Voul"TY ) =0 g, € SB(Q)

Cost function:

ant N 0
X Lolluy — UM+ Sl - 6P
n=1

Problem. Given At =T/N, find (uy,pn,9) in X"(Q) x SE(Q) x R?
such that the state equation is satisfied and the cost function is
minimized.
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The fully discrete time-space approximation

The adjoint equation

At ) oy o (V™ o) — (@, D - vt™ v+
+<<v*"+”>T (™ ) + (LTW) vp) + (0, v wy) =
— ol (u<”+1> Ut o)) whexh(m

7\

(V™ g) = 0,Vq), € SE(Q)

w(”) = 0 on 9

¢(N) _
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Future work

- Computational experiment

- Analysis the optimal control problem, provided that there are
more than one porous medium in the domain
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Thank you for your attention!
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