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Overview Inverse problem

Problem formulation

Cost function and constraints

Find q0 ∈ Qad solution of

1
2

min
q∈Qad

‖z(q)− zdata‖2Z +
β

2
‖q‖2Qad , β > 0

subject to the constraints

(P)q


d
dt z(t ; q) = A(q)z(t ; q) + f (q, t , z(t ; q)) z(t) ∈ H1(Ω),
Ω ⊂ Rn with compact closure;
z(0) = z0 t ∈ [0,T ].

A(q)z = −
n∑

i,j=1

(ai,j(x)zxi )xj − b · ∇z

z(q) ∈ K = {u ≥ 0 : u ∈ Z = L2(0,T ; H1(Ω))}
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Assumptions on A and construction of Qad

Operator assumptions

ai,j(x) ∈ C1(Ω), , ai,j = aj,i , i , j = 1, ...,n
ρ ≥ ai,j(x) ≥ γ > 0 i , j = 1, ...,n∑n

i,j=1 ai,j(x)ξiξj ≥ ω||ξ||2 ∀ξ ∈ IRn

b ∈ C2(Ω) ρ ≥ b ≥ γ > 0
A is the infinitesimal generator of an operator T such as
∃ε0 > 0 such ∀q ∈ Qad ∃Cq > 0||T (t ; q)|| < Cqe−ε0t

The mapping q → DqA(q)T (.; q0) from Qad into
L1(0,∞; H1(Ω))is Lipschitz continuous at qo, ∀q0 ∈ Qad

Admissible set

Qad = {q = (a,b, c)as above and c free element on f ,
c ∈ C1(Ω), ρ ≥ c ≥ γ > 0 }
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Assumptions

Assumptions on f
f is locally Lipschitz continuous on t and z
|f (q, t1, z1)− f (q, t2, z2)| ≤ L(q)(|t1 − t2|+ ||z1 − z2||Z )

The mapping q → f (q, .; z) from Qad into L∞(0,T ; H1(Ω))
is Lipschitz continuous with constant independent of z

Under the previous assumptions

A is generator of an Analytic semigroup over H1(Ω) by Pazi
z(t ,q) is q − Frechet differentiable by Herdman and Spies
There is a unique solution q0 to (P)q by Banks and
Kunisch
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Necessary conditions for optimality at q0

Reformulation

F (q) = 1
2‖z(q)− zdata‖2Z + β

2‖q‖
2
Qad

g(q) = z(q)

Lagrangian

∃λ∗ ∈ K+ = {λ∗ : λ∗ ∈ Z ∗, λ∗(u) ≥ 0 ∀u ∈ K} such as :

λ∗(g(q0)) = 0
L(q) = F (q)− λ∗g(q)

< Lq(q0),h >= (zq−zdata) ·vh(t)+βq ·vh(t)−λ∗(vh(t)) = 0
∀h ∈ Qad

Vitor Leite Nunes Parameter estimation



Overview Inverse problem

Frechet derivative and sensitivity equation

Frechet derivative
The q − Frechet derivative of z(t ; q) evaluated at q0 applied

to h i .e [Dqz(t ; q0)]h is vh(t) solution of :

Sensitivity equation

(S)q



d
dt vh(t) = (A(q0) + fz(q0, t , z(t ; q0)))vh(t)

+fq(q0, t , z(t ; q0)))h + DqA(q)T (t ; q0)z0|q=q0h

+
∫ t

0 DqA(q)T (t − s; q0)|q=q0hf (q0, s, z(s; q0)))ds

vh(0) = 0.
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Example for numerical testing

State equation

(A)q

{ d
dt z(t) = −∇ · (q∇z(t)), z(t) ∈ H1((0,1));
z(0) = sin(πx), t ∈ [0,1].

Sensitivity equation

(S)q


d
dt vh(t) = −∇ · (q0∇vh(t))−∇ · (h∇z(t));

vh(0) = 0.
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Numerical results on z q0=0.01 h=1
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Numerical results on vh q0=0.01 h=1
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Future research topics

Evaluate the Frechet derivatives of the sensitivity equation

Evaluate z(q) through finite elements (vector)

Evaluate vh(q) through time dependent matrix , since the
Frechet derivative is a linear operator
Storage the matrices using SVD and study its effect
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